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Abst ract - - l t  is shown that a modification of the integral equation formulation [I] can be used 
to find an expression of the unbounded contact stress of problems in the theory of elasticity. The 
modifications consist in reducing the problem to a Hilbert-type singular integral equation rather than 
that of the Cauchy's kernel one. The reduction is carried out in analogous procedures to that followed 
in [I], but here the unknown function is the contact stress, in contrast to the previous formulation 
in which the unknown function was a necessarily continuous displacement. The Hilbert equation is 
inverted to define the contact stress and further reduced to an infinite algebraic system, its solution 
completes the definition with the aid of the physical conditions. The truncation of the algebraic 
system is justified and the error is estimated. © 1998 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In 1992 [1], the method of the integral equation formulation was extended to include problems 
in the theory of elasticity. In that paper, the stationary vibrations of a periodical rectangular 
plate stressed at a segment, while fixed elsewhere at one of its edges was considered. In this 
quasi-static ontact problem for an infinite strip, the force prescribed at the stressed segments, 
pe i~t was given. Thus, it was possible to search for the definition of the corresponding bounded 
normal displacement over the stressed segment and simply employ and evolve the procedures 
of [2] to reach this definition. No definition for the physically interesting singular contact stress 
was required. On the other hand, in a lot of typical contact problems, it is usually required 
to determine the contact stress, as well as the displacement. In this case, the technique of [1] 
ceases to be applicable and must be modified to yield a standard method for the determinations 
of the unbounded contact stress as well as the other quantities of interest. This is illustrated 
through a simple typical example. Namely, the basic quasistatic problem for a periodic system 
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of punches acting on an elastic half-plane. The complication of an illustrative problem will 
be at the cost of the clarity. In the same way followed in [1], the corresponding hyperbolic- 
type mixed problem is converted to a discrete Riemann problem which in turn is reduced to a 
singular integral equation with Hilbert kernel. The unknown function in this integral equation 
here is the normal contact stress. This has the advantage that it is possible to search for the 
physically interesting unbounded solution. In contrast, the unknown function in the similar 
integral equation of [1] was the displacement which should be bounded. The inversion of our 
integral equation provides an expression of the unbounded normal contact stress. In order to fix 
the definition of this expression, that is to define the Fourier coefficients presented therein, the 
integral equation was further educed to an infinite system of algebraic equations whose solution 
can be approximately obtained by means of the truncation. The accuracy can be improved 
arbitrarily. As an additional result, the justification of truncation is performed in a different way 
than that used in [1]. Moreover, the estimation of the error obtained in the present way is more 
practical than that given in [1]. The latter depends on the norm of the inverse truncated operator 
which is very difficult to define explicitly. 
2. FORMULAT ION AND CONVERSION 
INTO A S INGULAR INTEGRAL EQUATION 
In view of the statement of the problem, the boundary conditions considered here are 
V(x,O) = Voe -i'~t, if x • F1, (2.1) 
@v(x, 0) = 0, if x • r2, (2.2) 
ex~(X, 0) = 0, if x • [-~r, 7r], (2.3) 
where r l  = ( -a ,  a) and F2 = [-Tr, ~r]\(-a, a). 
As a requirement of the solution of this problem, the normal contact stress a~ as well as 
the amplitude vo of the vibrations are to be found. The substitution for the component of the 
displacement by the expressions 
0~ 0¢ 0~ 0¢ (2.4) 
u=~+Ty,  V-0y 0x' 
where ~ and ¢ are the longitudinal and transversal potential, respectively, into the familiar 
equation [3], 
1 0 (Of~ O~y) p02~ 
V2a -{- 1 - 2--------~ cgx ~x -{- G 0t ----~ = 0 (2.5) 
leads to the equations 
1 02~ V2 ~ _ 1 02¢ (2.6) 
where G is the modulus of elasticity, u is the Poisson's ratio, c 2 = 2G/(p(1 - v)), c~ = G/p, and 
p is the density. We further assume that the solutions of (2.6) satisfy the conditions of absorption 
at infinity [4]. These solutions can be thought of in the form 
y , t )  = y) ,  v, t) = y) ,  (2.z) 
where ~o and ¢ are the solutions ubjecting to the principle of limiting absorption of the equations 
V2~o + ~2~o = O, V2¢ + ~2¢ = O, (2.8) 
UY OJ 
c~=-  and /~=- - ,  (2.9) 
Cl C2 
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where 
. (1)  (1) 
Aa# = 2G [G (a 2 +/32) - 2pw 2] and Fn ~ = nQ~ ~ - Aa# sgn n + = o ~-~ . (2.20) 
On multiplying (2.17) by n, the equation involving the Fourier components Go+ was lost. 
However, setting x = 0 in condition (2.1), we get 
Oo 
En=- -oo  
(AnKln + inBn) = Vo, (2.21) 
an alternative quation restoring the lost hypothesis necessary for determining the function G_ (x) 
since 
1 2GinK  G 
Ao =-  2G°- '  An = -~'d~P~n Gn-,  Bn = ~ in n- ,  and 
D,  D~ (2.22) 
P~n = 2Gn2 - P w2. 
In relation (2.21), the prime over the summation symbol means that the value n = 0 is not 
included. 
Applying the inverse Fourier transform to the discrete problem (2.19) and taking into account 
that G+(x) = 0 as x e F1, we get 
Ao# f_" C_(,) 1 f_~ i ' ~r ~ 1 - ei(x-~) d~ + ~ a 7a#(x - ~)C_ (~) d~ = - v_ (x), (2.23) 
where 
Making use of the formula 
oo 
= F n e . (2.24) 
n=- -OO 
eia _1  ( l _ i co t~_~)  
e i~ -- e ix 2 
as well as the even property of the problem, (2.23) assumes the form 
cot C_ (~) d~ = 2 r~Oan_ sin nx. 
271" a n----1 
Here, use has been made of the result v2(x) = 0 on I'1, in view of definition (2.12). 
(2.25) 
3. THE SOLUTION OF THE INTEGRAL EQUATION 
The Hilbert-type integral equation (2.25) can be inverted in the class of integrable functions [5], 
with the result 
1 x ~=,~Vn()"-'F-#---x-Gn- G_(x) = A~(x)  aoCOS~-2 (3.1) 
n=l  
where ao is constant, 
1 f '  X(~)s inn~ x(x) = ~/2(cosx- cosa) and v.(x) = ~ o ~Tf f~-~ d~. (3.2) 
The explicit expressions of the integrals Vn(x) are 
- 
Vn(x) = Z #n-m(cosa) cos m+ x , #0(cosa) = 1, 
m=0 (3.3) 
#l(cosa) = - cosa, #k(cosa) = Pk_2(cosa) -- Pk(cosa) 
2k-1  , (k = 2 ,3 , . . . ) .  
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The functions Pn(cosa) are the Legendre polynomials which can be defined by the formula 
1 . / [  cos(n + ½)xdx 
P,(cos a) -~ - -a  X(x)  (3.4) 
The application of the Fourier transform to (3.1) leads to the following system of linear algebraic 
equations: 
Aa~Gn- + 2 E F~ o NnkGk- = aoRn, (n 6 N +), (3.5) 
k=l 
where 
1 f f  yk(x)cosnx 
Y~k= ~ o x(x) 
1 ; cos nz  cos(z/2) 
dx and Rn=~r a X(x) dx. (3.6) 
In view of (3.3) and (3.4), these coefficients can simply be found 
k 
1 
N,k = ~ E #k-m(cosa)[Pm-,(cosa) + Pm+,(cosa)], and 
m=0 (3.7) 
p~=~l  [P,(cosa) + P,_l(cosa)] 
4. THE TRUNCATION OF THE ALGEBRAIC SYSTEM 
Since system (3.5) can in general be solved only approximately, namely, using the method of 
truncation, we set up function spaces and sequence spaces. The solution (3.1) of equation (2.25) 
is an Lp[-a,a], where 1 < p < 4/3 (see [6]). Consequently, the Fourier coefficients Gn_(x) will 
belong to gv, where p = p/ (p -  1) (see [7]). Thus, we will work in the space gp (p > 4) with the 
norm 
IIGII~, -- IG._I p , (4.1) 
n=0 
where G = {Gn-}n=~.  The justification of truncating system (3.5) is a simple consequence of
the following theorem whose proof is similar to that given in [8] for the case p = 2. 
THEOREM. Suppose that 
(i) the homogeneous system corresponding to system (3.5) has only trivial solution in gp; 
(ii))-~m~=0(~-~k°¢__l [F~Nnk[V/(v-1)) p-1 < o¢; 
(iii) ~,°¢__0 [Rn[ p < oo; then the intinite system (3.5) has a unique solution in gp. 
The truncated system will also have a unique solution and the following estimate holds: 
/~, .~ 'P/(P-1)~ p-l] 
nG- eN['ip <_ Q1 n=N+i ~ ~k~1=1= [~k ink[ ) ] 
where Ql and Q2 are constants. 
1/p 
[ ~"~o0 iRnlPl 1/p Z-~n=N+l I I | + Q2 ~-~- -  - ~-ff (4.2) 
L E._-olR-.l ] ' 
We shall assume that the frequency w differs from those values for which the homogeneous 
system corresponding to (3.5) has nontrivial solutions. The fulfillment of the second and the 
third conditions follows from (3.7) and (3.3), for n = k together with the formula 
Nnk = 2n--kl n + 1 [Pn(cosa)Pk+l(cosa) - P,+l(cosa)Pk(cosa)] , k >_ 1, n # k, (4.3) 
together with the estimate [9, formula (22.14.9)] 
1 
[Pn(cosa)[ < v/-~sin a, (0 < a < 7r, n -- 1,2, . . . ) .  (4.4) 
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Thus, we have 
c c 
IN.kl~ nv/.~_  and /~~~.  (4.5) 
Therefore, Conditions (ii) and (iii) are satisfied as p > 4. Recall that F~ ~ = o(k-2). Additionally, 
we have c 
IIC- GNHt~" <- (N + 1)(P-2)/2p" (4.6) 
Thus, the approximate solution of the singular integral equation (2.25) is given by 
[ ;] 1 re(x) - 2 ~ rg~y. (x )~._  + a0 cos = -~; (~,0) ,  G_(x)-~ AaaX(x ) n=l (4.7) 
where Gn- are the solution of system (3.5) truncated at the N th order. The quantity a0 included 
in (4.7) is still to be defined. In fact, the equation of motion of the punch is [10] 
M'* " = e -~wt (19o - PR) 
dt 2 
(4.8) 
where M is the mass of the punch, Po the amplitude of the force acting on the punch, and PR is 
the reaction of the elastic half-plane: 
f f  ; (  / f  PR=-  a x ,O)dx= G_(x)dx = -Aa-----~ao. (4.9) 
Substituting this expression together with v = voe i'~t into (4.8), we get 
PoA,~ + rao (4.10) 
Vo = Mw2Aa~ 
with this result, (2.21) and (3.5) are sufficient o obtain all the unknowns of the problem. 
The real values w for which v(x, 0) ~ co, the resonance frequencies, are clearly the real roots 
of the resonance quations 
D~ ~ = 0, max (a, f~) < n < N. (4.11) 
If max(c~, f~) < 1, then n = 1,2,. . .  ,N. For n = 1, the resonance quations assume the form 
(2G - pw2) 2 - 4G 2 V/T - a2.v/1 _ j32 = 0, (4.12) 
or in the dimensionless form 
(2 - _ 4 = 0, (4.13) 
where 
w c2 (4.14) ~d, ---- - - ,  e ~ - - .  
C2 C1 
Finally, some results of a numerical experiment are given to reveal some idea about the use- 
fulness of the method. Let the force acting on the punch be Po coswt, then 
p(x, t) = - Re (e -~C_(x ) ) ,  (4.15) 
where G_ is given by (4.7). In the case, 
=0.1, N=25,  and v=0.3 ,  (4.16) 
The Method of Integral Equation 
Table 1. The instantaneous contact stress at different values of the ma~s of the punch. 
• ~\~ " 0 .5  1 2 5 
0.0 0 .3329 0.3332 0.3337 0.3357 
0.2 0 .3384 0.3388 0.3393 0.3413 
0.6 0 .4034 0.4039 0.4045 0.4069 
0.9 0 .7107 0.7114 0.7125 0.7168 
0.95 0.9838 0.9847 0.9863 0.9921 
0.99 2.1600 2.1623 2.1657 2.1786 
Table 2. The time evolution of the contact stress. 
• \ r  1 5 10 
0.0 0 .3315 0.2927 0.1800 
0.2 0.3771 0.2976 0.1831 
0.6 0 .4019 0.3548 0.2182 
0.9 0 .7078 0.6250 0.3844 
0.95 0.9798 0.8651 0.5320 









the values of the contact stress (p(~, r ) ) /Po ,  where T = tc2/aT is the dimensionless time, & = 
co.aT/c2 is the dimensionless frequency, and 2 = x /a  corresponding to different values of the 
dimensionless mass 
M 
M = pa--~T, (4.17) 
are given in Table 1 at r = 2~r. In Table 2, the values of the contact stress corresponding to 
different values of r are exhibited when M = 1. If p = 5, then the estimation of the error is 
subjected to the inequality 
ii G _ GNIIe, < c (4.18) 
- 2.6576" 
Although this upper bound on the error still seems far from a value which would ensure precision 
of the contact stress, the values shown in Tables 1 and 2 remain stable to the first three decimals 
when N increases beyond the 25 th order. 
In view of Tables 1 and 2, the values of contact stresses increase unboundedly at the vicinities 
of the end points, while Table 2 exhibiting the time evolution of the contact stresses reveals that 
compressive stresses become tensile stresses in the course of time. This manifests the reflection 
of compression waves from the corner points as tension waves. 
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